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Abstract

Given the naturally existing canonical map
n2 m2 2 n?2 m2 2

19( avtmthy T st — z| < s) = |(aa)”+m+l(ar)7(as)7(at)7 - z| < & which is an onto homomorphism,

the short-coming of the oneness is eloquently handled by injecting kerd into the map as

a((

application of the first isomorphism theorem. The second isomorphism theorem is a consequence of

n? m 2 m2 2

2 2 n
P P Z| < g) X kerﬁ) = |(aa)n+m+l(ar)7(as)7(at)7 - z| < ¢ in line with analogous

nZ2 m2 2

n2 m2 (2
< s) U (lazn”m“rszthz? -z

(|a1n+m+lr17517t17 —z

<g) and the third isomorphism theorem

gleaned via the definition of the map
m2 12

9 (l(aa)"*m”(ar)n?z(as)T(at)? -z

12

< s) = |(aﬁa)"”"”(aﬁr)nz_z(aﬁs)mTz(aBt)7 —z<e
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1. Introduction

2

n?2 m 2
Define 1" ug, = a™rz, [[Mugs =a™sz and [I' ug, =a'tz. Then [1" ug, X [[Mugs X1 uar =

nZ2 m? 12 n2 m?2 2

a™™tly 2 s72 t2 which converges [1, 2] to z as given € > 0, 36 > 0 such that |a®*™*tlr2s2t2 —z[ <

2 2 2
1 n m? I°
eV(n,m 1) > N° « S € N>, Thus, a™™*r2sztz =[lugrse Let [Mugrse =Ilugs, where a*=

(a,7,s,t). Then a* x b* = (a;,11,51,t1) X (az,73, 55, t2) = (a1a,, 1175, 5155, t1t,) = (ab)* and a* +b* =

(a+b)*. Thatis, [Tugs X [Tuys = Hu(axb)4-

* Corresponding author.


https://ijfscfrtjournal.isrra.org/index.php/Formal_Sciences_Journal/index

International Journal of Formal Sciences: Current and Future Research Trends (IJFSCFRT) (2020) Volume 7, No 1, pp 1-6

i-j

. _ . i .
Using [lugs =1'[uaj4 mod a defined by HuaﬁEZ‘; or [lug,., where z=—, we have equivalence
a

relationship [3, 4]. Thus, define a naturally existing canonical map 9:[Ju,s — Hua4/l-[ Uaayt by 9(ITugye) =

[Tu(gayr Then 9(ITug+) = [T qq)+ is an onto homomorphism [5, 6]. For it to be one-one, the kerd need to be

Mugr | et jofined by 9([Tugskerd) = [Tugqs is an isomorphism because: The

adjoined as follows: ¥:
kerd ]'[u(aa)4

homomorphism is:  9[([Tu,,skerd) x ([Tug,skerd)]=9  (I1u(a,a,)+kerd) which by definition is
11 %aaya,)t - This is TTugga s X [1%(gq,s Which is 9(TTug, skerd) x 9([]u,,+ker9). The oneness is from
the fact that 9([Tu,+kerd) = 9([Tu,,+kerd) implies that [Tu(gqe,yt = [Ttgaps That is, TTug,ys X
MMy = Mug,yr X [Ty which is  (TTug+kerd) = ([Tug,2ker9). The ontoness gleaned from
9 (T (gayyt) = 9 (I tgaayyr) = ([Tug,skerd) = ([Tug,+kerd) which further implies that [T, s X

H u(a)‘l- = 1_[ u(a2)4 X 1_[ u(a)‘l-. That iS, Hu(aa1)4 = l_[ u(aa2)4.

The second isomorphism theorem gleaned from: [Tyt U [l Ugayt = [[T%ay)* = [T%ayt] Y
(Mt = Mty ] U [Mtgeas 0 Muaye] Let Mugasd Mt = M@yt = Mugay] U
[H Utga,)* — Hu(aa2)4]. Then Hu(aa1)4 U Hu(aa2)4 = [H u(aa1)4A 11 u(aa2)4] ) [H Uga,)yt N 11 u(aa2)4].

DIVIdII’Ig bOth-SIdeS Of HU(aal)‘I U HU(aa2)4 = [H U(aal)‘}A l_[ u(aaz)‘}] U [H U(aa1)4 n H U(aa2)4] by,

(a1 )4 YUY (g0t

M %ant YU [T,y O T %gayt],  We  have: is  equal to

Mt (a2 V[T a0 g 4]

LT | TR ¥ s Tt e

and cancelling out common terms, the result follows immediately.

MgtV [Tt gy 4 N gyt
The third isomorphism theorem gleaned from: d(]] u((m)4) = [Tu(apqy+- The homomorphism is from:
9 (TT%(aayy* X [T an®) = 9T %aaya,)+) Which by definition is [Tupa,q,t- That is, TTugpa,ys X
T %(epayy- That is, 9(ITuggq,)*) X O(I1tga,+). The oneness is from: 9(ITu(yq,)+) = 9(I1 tigaa,y+) implies

Hu(aﬁa1)4 = Hu(aﬁa2)4. That |S Hu(a1)4 X Hu(aﬁ)‘l = Hu(a2)4 X Hu(aﬁ)él That |S, Hu(aa1)4 = Hu(aa2)4 as

required.
2. Results

First thing first! We, prove the first, second and third isomorphism theorems chronologically, despite the third

isomorphism theorem seems closer to the first than the second.

FIRST ISOMORPHISM THEOREM: Define

d(

isomorphism as follows:

n2 m2 2 m2 12

n2
A T — Z| < g) x kerﬁ] - |(aa)n+m+l(ar)7(a)57(a)t7 — 7| < &. We show that 9 is an
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n2 m2 2

< s) x kerd + <|a2"+m+’r27527t17 -z

n2 m2 2

Homomorphism: The 19[<|a1”+m“r17517t17—z

<o)

n2 m2 12
kerﬁ] is o <(|(a1 b @) (4 1,) 7 (s, 4 59) T (6 + 6)7 — 7| < g) x kerﬁ) which by definition is
2 2

|(0((a1 + a)) "™ (a(ry + 1‘2))%2(0((51 + sz))mT(oc(tt1 + tz))l? - Z| <e. That is,

n? m2 12 n2 m2 12
(|(aal)’”m“(arl)T(asl)T(at1)7 - z| < e) + <|(aaz)’”m”(arz)T(asz)T(at1)7 - Z| < s). That s,
2 2
< s) X kerd |.

I 2z
9 (|a1"+"“r rn2S 2tz —2z

n? m? 12
< s) X kerd | +9 (|a2"+m“r2 25,262 — 2

2

n m2 2 n2 m?2 2
Oneness: Let 9 <<|a1"+m+lr17517t17 - Z| < e) X kerﬁ) =9 <(|a2"+m”r27527t1? - Z| < e) X kerﬁ).

<)~

m2 2

m2 12 n?
(aay)™™* (ary)z (asy) 2 (at))z —z

n2
Then (|(aal)""m”(arl)T(asl)T(aQ)? -z

< s). That

2 2 2

_ Lt om? 2  nom? 2  Eom e
is, (|a1"+m+ rnzs;zt2 —z| <ex (l[a™tazazazr —z| < e))+(|a1"+m+ rnzs; 262 —z| <eX
n2 o m? 2 .
(lav"™azazaz —z| < s)) + -+ atimes IS equal to
n2 m2 12 2 m2 12 n2 m2 2
( a2n+m+lr27527t17 -zl <ex( amtmtlogT a2 a7z —z| < E)) + (|a2n+m+lr27527t1? —z|<eX
n? m? 2 . n om? 2
(lav"™azazaz —z| < S)) + .- a times. That Is, (|a1n+m+lr1 251242 —2| < 5) X kerd =
n2 m2 12
( a,"t""Hr s, 2 47 — 2| < s) x kerd.
Ontoness: Let
n2 m2 12 n? m2 12
971 ( (aa) ™™ (ar) 2 (asy) 2 (at))z — z| < s) =971 ( (aa,)™ ™ (ar,) 7 (asy) 2 (at))z — z| < s).
2 m2 2 n2 m2 2

Then, by definition, it is: |a1"+m+lr17517t17—z <eX

< & x (kerd) = |a2"+m+lr27s27t1? —7

n2 m2 2

<ex (kerﬁ)) + (|a1"+m”r17517t17 -z

n2 m2 2

(ker®). That is, <|a1"+m+lr17517t1?—z

<eX (kerﬁ)) +

n?2 m?2 2 n?2 m2 2
- atimes is equal to <|a2"+m+lr27527t1? -zl <ex (kerﬁ)) + (|a2"+m+lr27527t1? -zl <ex
(keﬁ?)) + .- a times. That is,
n? m? 12 n? m? 12
|yt ) ¥ (as) 5 ()7 - 7| < & = [(@ap)m i (an) F(as) F (@) - 7| < e
THE SECOND ISOMORPHISM THEOREM: The

n2 2 12

m 2 2 12
< e) U (|a2”+m+lr2 25,212 —2Z

n m
< e) is equal to: [(|a1"+m“r17517t1?—

2 2 12

Lont o om?o2 I 2 om? o2
z <£)—(|a2"+m+ T, 28,2 t,2 —Z <£)]U[<|a2"+m+ T, 25,2 t,2 —Z <s>—(|a1"+m+ 28 2 t2 —
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2

o om? 2 2 m? 2
z| < e)] U [(|a1"+m”r1 25,2tz —z| < s) n ( a," "Mt T s, 2tz — 2| < e)] Let
m2 12 nZ2 m?2 2 nZ2 m2 2
[( a1”+m”r 2 s1 2tz —z|< E)A (|a2"+m“r27527t27 -z| < s)] = [<|a2"+m+’r27527t2? -z| <
nz2 m2 2 nZ2 m?2 2 nZ2 m2 |2
8) <| n+m+lr17517t17 —zl < S)] U [<|a1n+m+lr17517t17 —7| < £> _ <|a2”+m+’r27527t27 — 7|l <
e)] Then
m2 12 n2 m2 2 n2 m2 |2
[( a1"+m+lr 2 51 2t — Z| < e) ( a," My s, a2 — z| < s)] = [(|a2"+m”r27527t27 - z| <
nz2 m2 2 nz2 m?2 2 nZ2 m2 2
8) A <| n-'—‘rn"—l7"17517t17 —Z < S)] U [<|a1n+m+lT’17517t1? —Z < 8) ﬂ <|a2n+m+l1"27$27t2? —Z <
nZ m?2 2 nz2 m2 2
s)] Dividing  both-sides by (|a2"+m“r27527t27 -z| < s) U [<|a1"+m+’r17517t1? -z| < 5) N
n2 m2 2
( a7 s, 2ty —z| < s)] and cancelling out common terms, we have:
n? m? 2
a WMt T 2t 2 —z|<e
nZ2 m2 |2 n2 m?2 |2 =
a, MMt 2572 2 -2 <£)n< a;MMt, 25,72 t,2 —z|<e
n2 m? 12 n2 m? 2
( a2 2 -2 <£)A< a Ml 2T 2t 2 —z|<e
nZ2 m2 |2
( a;WMH, 25,72 ty2 -2 <£>
THIRD ISOMORPHISM THEOREM: Define

((aa)"”””(ar) 2(0()5722 (cx)tlz2 - Z) = |(aﬁa)’”m“(aﬁr)z_z(aﬁ)smTz(aﬁ)tg - z| < &. We show that ¥ is

an onto homomorphism as follows:

Homomorphism: The

m2 2

9 [(|(aal)“m“(arl)z_z(asl)T(atl)7 -z| < s) + < (aaz)’”m“(arz)nz_z(asz)mTz(atl)g - z| < s)] is

n? m2 2

0 <|((06a1) + (@a))™ ™ ((ary) + (ary)) 2 ((as1) + ((@s2)) 2 ((aty) + (at;))z — z

< s> which by
definition is |(0(,8(0L1 + a,))" " (aB (g + 7’2))7172(05,8(51 + sz))mTz(ozﬁ(t1 + tz))g - Z| <e.  That s,
(|(aﬁal)’”m”(aﬁrl)n?(aﬁ%)mT(aﬁh)l? — 7| < &) + (| @pay i (@pr)F (@ps) T (@pe)E - 7| <)

m2 12 n?2 m2 2
That is, 9 <|(aa )"””“(an) (asl) (at))z — z| < e) +9 <|(aaz)”+m+l(arz)T(asz)T(at1)7 - Z| < s).

Oneness: Let 19( (aa, )"+m“(ar1) (ozsl)m2 (oztl)lz2 - z| < e) ( (aa, )”+m+’(ar2) (ocsz)m2 (oztl)lz2 -

z| < s). Then, by definition;

< s).

(|caanremeicapny @ps) (@ez - 2| < ) + (|@panym (@pry = (@ps) T (@pe)7 -2
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n2
That is, ((aal)"+m+l(ar1)7(asl)

-+ [ times

m2

2 (at))z —z

12

is

<e)+ (|(aal)"“““(arl)’?—z(asl)T(atl)? —z

m2 2

equal

<5>+

to

m2 12

<e)+ (|(aaz)"+m+’(arz)'l—z(aszﬁ(atlﬁ —z

n? m? 2
(|cearmemetany= @s,) % (at)7 - 2

<s)+

m2 12

m2 2 n?
<e=|(aa)" (ary) 2 (asy) 2 (aty)? —

n2
- B times. That is, |(aal)"“"“(arl)T(asl)T(at1)7—z

Z|<€.

Ontoness:

-

Let

(@Bay)™ ™ (afr,) s (afs;)s (apt,)7 —

(@Bay)™ ™ (afr)'7 (afs))s (aBty)7 — 2

<e)=07(

z| < g). Then, by definition, it is:
n? m2 12 n? m2 12

( (@a)™ ™ (ar,) T (as,) T (aty)7 — 2| < g) - (|(aaz)"+m+l(arz)T(asz)T(atlﬁ _4| < s). That is,
n2 m2 12 n2 m2 12

(|ceaymmiany T @s)F @e® - o] < &) + (|@@an i@y F (@s) s (@7 - 7| < 2) +

-+ B times is equal to
n2 m2 12 n2 m2 12

(|caansmtcan) ¥ (@s) T (@)= - 2| < &) + (| (aa) ™™ (@) F(@s) T ()T - 7| <€) +

-+ B times. That is,

n2 m2 12 n? m2 12
(|caBanysmeicapr) = (@ps = @peT - 7| < ¢) = (|@han ™+ (@) T (@) ¥ (@pe)T — 7| < &)

3. Conclusion

The isomorphism theorems were first invented by [7] few years before the birth of both group [8] and
semigroup [9]. However, the first isomorphism theorem [10] overcome the deficiency of oneness of the
naturally existing canonical map 9:S — 5/1 by intruding kernel of homomorphism, kerd, where 5/1 = Im9.
This makes 9(s) = Is to become 9(Is) = Is which is an isomorphism. The second isomorphism [11] gleaned
from S U I and the third isomorphism is a recursive use of the first isomorphim theorem as 9(Isa) = Isaf a

route to composition series of solvability as in for example [12].
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