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Abstract

We study an abstract elliptic Cauchy problem associated with an unbounded self-adjoint positive operator,
which has a continuous spectrum. It is well-known that such a problem is severely ill-posed; that is, the solution
does not depend continuously on the Cauchy data.

Keywords: Regularization methods; I111-Posed Elliptic Problem.
1. Introduction

We propose two spectral regularization methods to construct an approximate stable solution to our original
problem.

Finally, some other convergence results including some explicit convergence rates are also established under a
priori bound assumptions on the exact solution. But other methods can be used in our case here. The complexity

of studying a poorly posed problem requires mastery of certain concepts, especially in elliptical case.
2. Regularization And Error Estimates
2.1. The Truncation Method

From
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We can see that the term e¥"? is the cause of unstability. In order to overcome the ill-posedness of problem:
uyy (v) = Au(y), 0<y<lL,
w® =7 (1)
u, (0) = 0,

we modify the solution by filtering the high frequencies using a suitable method and instead consider (1°°) only
for A < B(6), where B(6) is some constant which satisfies lign - B(8) = +oo.

According to spectral theory of self-adjoint operators [20],for any bounded Borel set, Ag={y <t < p} <

o(A) = [y, +o[, we can define the orthogonal projection
1y, = [ " 10,(DdE, = B (D
Vh €H, hg = Egh > h, B — +oo.

To solve (1) in a stable way we approximate f by its projection f; and instead of considering (1) with f we

take its projected version
ug(x) = cosh(y\/Z)f/; @

=7 (e + eE) 11, p1dEyf,

Where 1[, ) is the characteristic function of the interval [a, b] for a < b. The quantity § is referred to as a cut-

off frequency. Let f (resp., f5) be the exact (resp., the measured data) at y=0, such that ||f — f5|| < 6.

Abstract and applied Analysis
The approximated solution vg corresponding to the measured data f5 is denoted by
i) =37 (2 + e ) 1y 51dErfs. (3)

For simplicity, we denote the solution of problem (1) by u(y), and the regularized solution associated to the

data f5 by vg ).

Our first main theorem is the following theorem.
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Theorem 1: The solution defined in (2) depends continuously in C ([0, L], H) on the data f; that is, if u}; and

uf; are two regularized solutions corresponding to f; and f,, respectively, then on has
[us -l < VPl -fll. @
This inequality implies that the solution of the regularized problem (2) depends continuously on the data f.

Now we compute the difference between the original solution u = u(y; f) and the approximate solution v;)? =

v (v f)-

Theorem 2: Let u € C([0;L]; H) be a solution problem (1) with the exact data f € H; then the following

estimate holds:
) — D < =57 @I 6)

Proof. From relations (1°°) and (2) we have

+

u(y) —ug(t) = fﬁ * cosh(yVA)dE, f (6)

+00
= f cosh(y\/I) 11 +0]dELf
14

Then

u(y) —uz(y)

_ f+oo cosh(yV7)

A cosh(LVA) 1[ﬁ,+oo]COSh(L\/Z)dEAf,

) = w4z )|

2
< (S50 B 1y) cosh(VD) AIESI. ()

Using the inequality

(cosh(yﬁ) 1 )2 - 4
cosh(LV2) [Breel | = 2-y)B.

f;m cosh?(LV)AIEAfII* < llu(DII%, (8)
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Abstract and Applied Analysis

We derive

luO)I1? < =257 @I 9

Using (4), (5) and the triangle inequality, we obtain
lu) —ve |

< |[u®) —us M| + [|up ) — v P (10)

2
< u@l + V7.
<Ol +e

This completes the proof.
Remark 1: If we chooseﬁ = (1/L)log(M /&), where |[u(L)|| = M, then we have the error bound
lu(y) - vg(y)” < 3MUL=)/Lsy/L, (11)

From (11) we see that (3) is an approximation of the exact solution u(y). The approximation error depends

continuously on the measurement error for fixed 0 < y < L.

However, as y — L, the accuracy of the regularized solution becomes progressively lower. Consequently, we

have note any information about the continuous dependence of the solution if y is close to L.

In the theory of ill-posed Cauchy problems, we can often obtain continuous dependence on the data for the

closed interval [0, L] by assuming additional smoothness and using a stronger norm.
Now we show two error estimates under the following conditions:
(HDu(L) € D(AP),
(H2)u(L) € G,p > 0.

Remark 2: In practice, we know that it is very difficult to verify the conditions (H1) and (H2), so we give

different assumptions on the given data f as follows:

u(l) € D(AP) & f+w/12pcosh2(L\/Z)d||E,1f||2 <
¥
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400
o [ e alnfP <o
Y

+00

u(l) € G, & f 222V cosh?(LNA) AN EyfII? < oo
Y

+0oo
o f 2DV IE, 12 < oo,
Y

= f € Gp+1. (12)

Theorem 3: If [ P e?"Ad||E,f|? < E? (resp., [17 200, 1 < Eg,)p >0,q>

0, then one has the following estimates:

lu®) —ve |
L\? NP v
< (a) E;log (E) +6 1" 0<a<l, (13)

[uG) — v < e~WVPE, + VB,

Proof. From the expansions

uly) = fﬂocosh(y\/i)dE,lf,

<

+co
uﬁ(y) = f cosh(y\/z)l[y‘ﬁ]dE,lf, (14)
4
We have
+00
u@) —ug(y) = f cosh(y\/i)l[ﬁ,Jroo]dE,lf. (15)
14
Then

@) = us@)*

= f;—m(l_p/zl[ﬁﬁw])zCoshz (y\/i))'pd”EAfllz
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ZL\/iap

IA

o) 2
< [T (AP 11g 1)) “cosh?e™ A d| By £ 12 (16)

BP [T e d||E,f |1

<JB TE.

Using theorem 3 and the triangle inequality, we can write

lu®) —ve ||
< u®) —us M| + [lus ) v || (A7)
< \/E_pEl + e¥VPs.
By choosing, \/E = (a/L) log(1/8), we obtain the desired inequality.
Using the same techniques, we have

u(y) —ug(y)
=f e~ cosh(yVa)e® 15 , o dE, f, (18)
¥

Hence

@) = us||°

= fm (e‘q‘ﬁl[ﬁ,Jroo])z (cosh(y\/z)ezq‘ﬁ)2 dl|E f11?
1

< e 2V1g|| Eu(y)||? < e 24VPE2 (19)

Using (4) and the triangle inequality, we obtain
lu®) —vs |

< Ju) —us M| + [lus ) — v || (20)
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< e~ WPE, + e¥VBS.

By choosing, /B = (a/L) log(1/5), we obtain
luty) - vg(y)” < §U/LE, + §1-ay/L (21)
2.2. The Mollification Method
Now, we approximate the original problem (1) by the sequence of problems
= Au, 0<y<lL,
u(0)=fx = Mf, (22)
u,(0) = 0.

Theorem 4: If f € H the approximate Cauchy problem (22) admits a unique solution u, which depends

continuously upon the data f with respect to uniform topology of C ([0, L]; H).

Proof. From the representation

u(y) = COSh(y\/Z)foc
= f+°o cosh(yV2) (1 + aepL‘ﬁ>_1 dE,f, (23)
¥
We have

__ +oo (cosh(yV1i) 2
luaI? = [ {222 dlIEfII

+0o0 eL\ﬁ 2 5
=J, {Haepm} dllEaf Il (24)
[1]. If p = 1, we obtain
yeronlte I < ZIIfI (25)

[2]. If p > 1, the function M(s) = e /(1 + aeP") with s=v1 > /y achieves its maximum at s* =

18
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(1/pL) log(1/a(p — 1)), p > 1, from which we deduce

1/p
mo=ms) = (D)’ @6
cp)=ptp-D"P <1
From this bound, we drive
1
1
serom eI < (5) £ @7

From the linear property of our problem, stability estimate of problem (22) may be written precisely in the

following corollary. o

Corollary 1: If u, 1 (y; f1) (resp,.u,),,2 (y, fz)) is the approximate solution corresponding to f; (resp,. f,), then

1

1\»
st e ) = weo 0 < () 1 = £ (28)
Remark 3: We have
sTeTs 1
= <
N(s) 1+ aePTs — ak(s)
1
= Esre‘(p‘l)”, p>1, (29)
s = \/Z = \/7
It is easy to show that
K®) <K(s=7-—=)  (0)
S) = S =——m—
Lp—-1)

- (L(Zfi—l))r e =k(r,pL) <.

This remark shows that u, (y) € D(A’/Z) for all y € [0, L].

Proof. The inclusion u,(y) € D(A™?) s equivalent to ||A™/2u, (y)|| < oo. We have
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+oo ” {cosh(yﬁ)

2
dl|Eyf11?
e ﬁ} I

||Ar/2ua(y)||2 = f

Y

1\% [+ r 2
<(z) [ (Ter i asre

Y

2

1
s(g) k(r,p, L2IIfIIZ < o0, (31)

_ Te=0-DWVI — (_T_\ ,-r )
Where k(r,p,L) = Sumayﬁ e - ((p—l)L) e -

Abstract and Applied Analysis

Theorem 5: If f € G, then

sup

e u®) —u O >0, a>0.  (32)
Proof. We compute

lu®) — uMII?

[ (= My cosw?(R)alE 12

Y

< f+w(1 — M, (D)’ cosh?(LVA)d||Ef 1|2
Y

<[ (=M@Y ARSI
Y

= ||t = MF’,

+

Where f = e and ||f|| = [* e?YAd|IE; 117 < oo.

This implies that o' llu(y) — u, Il < || = M)f||
And by virtue of (1) of theorem , we conclude the desired convergence.

The following technical lemmas play the key role in our analysis and calculations.

Lemma 1: Let
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1

) 3 ) ) IL; = 1<
[, 400035 > Qe r,q, L}is) = ————

, (34)

Wherea > 0, > 0,v >0, ¢q >0, L > 0,and r> 1. Then one has

arays) <i(as), 69

log(kz(1/a))
Where k,(r,q,L) = rqlL, k,(q,7,L,a) = q" L' ta/r.

Proof. Differentiating the expression and setting the derivative equal to zero, we find

d
% Q({a’ "q, L}, S)

-1
~ (as” + ae~Ls)2

(ars™™! — qae™955) = 0. (36)
The function (d/ds) Q({a,r, q,L}; s) = 0 admits a unique solution
s = {s — ars" }N{s — qae-s}, (37

Therefore

Q{a,r, q, Ly s) < Q({a,r, q, L}; %)

1
wraeway OV
We have
a
(ars™™! — qae™1¥) = 0 < sT71etd = z—a. (39)

By using the inequality (e® > t,t > 0), then for t = qLS, we obtain e9*® > qL§ and we can write

a r—1

. (e} 1 .
L i QS T
ra qlL qL

S

r—1
rL a 1

Which implies that > (%) log ((q - ) (E)) .Hense, we obtain

ky

og (1 (3))

1 1
Q({a, T, ql L}: S) < ar < E ) (41)

as
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Where k,(r,q,L) = rqL, k,(q,7,L,a) = q"L" " ta/r. o
Lemma 2: Let
[v,+0[3s = R({p,q,L};s)

ePLs 1
"~ (1+ aePls)edtS — ela-plls + geals’

(42)

Wherep = 1,q >0, a > 0,v > 0,and L > 0.Then on has the following.
If1 <p<gq,then

R({p,q,L}Y;s) < e (@Pls < o=@ plv <1 (43)
fo<qg<pp=1 0<x<(p—q)/q then

1\P-D/p
R((p.9,LE5) < ks (5)

p— q)(p—q)/p

_q4mr—a
ks(p, q) —p( > <1 (44)

Proof.By a simple dif ferrential calculus, we show that the function R({p,q,L}; s)

achieves its maximum at § = (1/pL) log((p —q)/x q). Consequently

(r-q)
1
R(p.9,LES) S R0 =k (1) . @9)

Now we assume the following a priori bounds hold: 7/

u(L) € D(A™?)
+00 or

o [ Ve alnfIP <5 <, (46)
14

u(l) € G,

+00 2
= f VI e2(+ana d||E f1|? < E? < oo. (47)
Y

Theorem 6: Let u(resp.,u,) be the solution of problem (1') (resp., (22))

22
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With the exact data f. If (46) (resp.,(47)) is satisfied,then on has the

Following error estimates:

r

1
log(l/a)) ’ (48)

luy) w0l = 0 (

lu®) = ue M

_(0(@), if1<p<gq,
“|0(aP), if0<q<pp=1  (49)

Proof. Putting

epLVA 1

B(A) ={—t —

1) 14 ae?VA) 7
1

= < B,(4
T < B

1
T VT e PlVayqyT

Vi
33(/1)={ ePL }61 1

1+ aePlVa| eaVa  o@-PILVA + gealVE.

Using the change of variable, s = v/4, we obtain the new expressions

~ 1

B,(s) = m, (51)
~ 1
B;3(s) = (52)

e(@-p)Ls 4 gedls.
By virtue of lemma 1 (inequality (35)and Lemma 2 (inequalities (43)

And (69)),we can write

T

Where ky(r,p, L) = rqL,k(p,7, L\¥") = q7, I'=1y7"'™ Consider
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1, if1<p<gq,

Bi(s) < (-9)/p, 54
3() (1) , ifo<q<pp=1l 54

a

Abstract and Applied Analysis

We Have

lu@) — ua NI

+o00 aepL\/i 2
zfy T cosh2 OVDIES I

+oo
< a? f ByIVT 27 d||E,f |12
4

, (sup B9\,
Sa(sz\/?)El' (55)

lu(y) — u, I

+oo aepL\/I z
=f {—] coshz(y\/i)dIIE,lfll2
14

1+ aeptV2

+00
<a? f (B, (DY 0OV g||E, £||?
Y

Using (53) and (54), we drive

T

T

ky

@D =0 (log(k:(l/a))) :

1
lu®) —uWI* < a—
log (k2

if1<p<gq,

if0<g<pp=1l (56)

@) - w I <{ %)y

Combining(28), (48), and (49) with the help of triangle inequality /7

24
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[u) —ué W

< llu@) —u M (57)
+Hu@) —wd | = 4, + 4,
We deduce the following corollary.

Corollary 3: Let u(y; f)(resp.,u3(y; f5)) be the solution of problem (1) (resp., (47)) with the exact data f
(resp., the inexact data fs) such that IIf = fsll <
8.1f (46)(resp., (47)) is satisfied, then one has the following error estimates:

(caser = 1)
1\ /P
o) -l =0@@)+(3) & 68

Abstract and applied Analysis

(Casel<p<gq)

luo) - wel = 0@ @)+ (2) "5 (59
(CaseO<g<pp=1)
) - w el = 0(es@) + (2) "5 (60)
Where
1 r
91((1) =0 (W) ) (61)

0,(a) = 0(a), 6,(a) = 0(a?P).

If we choose @ = a(8) = 6P/° with w > 1, then we have

6(sm) =8t (62)
ou(@ = 0 (i) ©
0, (a) = 87/%, 6;(a) = 0(a?®). (64)
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2.3. Example: Cauchy Problem for the Modified Helmholtz equation
In this paragraph, we give a concrete example to see how to apply the theoretical results developed in this Study.
Let us consider the Cauchy problem (modified Helmholtz equation) in the infinite strip R x (0, 1)
Uyy (0,y) +ure(x,y) —yulx,y) =0,x € R, y €(0,1), (65)
u(x,0) = f(x),u,(x,0) =0, x€R,
Where y is a real positive constant.

Letti(¢,y) = (Fu) (&, y) be the Fourier transform of u(x, y):

0,y) = 7= J e8*u(x,y)dx. (66)

With the help of the Fourier transformed, problem (1°’) can be transformed to an equivalent problem in the

frequency domain:
0, (§,y) — 20, y) —ya(§,y) =0,
(ER, y €(0,1), (67)
a0 = f(©),%,(¢§0=0, {€R
It is easy to check that the formal solution of problem (67) has the form
(&, y) = cosh(y (& +7))f (£).(68)
Or equivalently, the formal solution of problem (65) is given by
u(x,y) = F ') (x,y)

= 72 Jy €50, y)dg (69)
==y e™cosh(y Y& +1)f (©)dt.
Putting @(¢) =+/(é2 +y). Then @ (§) — 4+ [é| — 400 From this remark, it is easy to see that a small

perturbation in data f(&) may cause a dramatically large error in the solution (¢, ). In addition, the

magnifying factor is @&) ~ elél, hence, the problem is severely ill-posed.

Since the data f(.) are based on (physical) observations and are not known with complete accuracy, we
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assume that f and f; satisfy
lf —fsll <6, (70)
Where f and f5 belong to L?(R), f5 denotes the measured data, and § denotes the noise level.

For this problem, we define the regularized solutions with noisy data f;.
up (x,y)
==y *cosh (y V@ + V) fs©O1ym@©dE

N : N
== [y e cosh(y /@ + 1)f5(©)d¢ (71)
Where 1,;_y v is the characteristic function of the interval [-N,N]

ud(x,y)

=z (—C“h(y “2”))) fo()dé

2
1+ocep (£2+7)

Where p = 1. The quantities o« = « (&) and N =N (&) are the parameters which were defined in Sections 3.1
and 3.2.

3. Conclusion

We were able to solve the problem with the truncation method and the mollification method. Our goal will be
devoted to problematic waters with unknown (uncertain) operators: Since the physical model proceeds from an
idealization of physical reality and is based on simplifying assumptions, it is therefore also a source of
uncertainty. Any regularization theory must therefore take into account the possibly incomplete for uncertain

character. Also, we give some extensions to our investigation.
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