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Abstract
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The quasigeometric Fibonacci sequencan{ has interesting divisibility properties,

fenj+2j-n-2

namely that ,j=1,n>=2and ,j = 1,n > 2 are integers. Results of this research show that

n
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quasigeometric sequences. This phenomenon of periodicity is herein named y — periodicity. Concept is

hy,j=>1n>2 and % =g,j=1n>3 where H, and G, are golden section

important in profiling the behavior of F, and the golden section and may be invoked in science and technology

development.
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1. Introduction

The sequence

L=1Lf=1
b {fn+2 =for1Hfan=1 (1.1)

and the irrational number

_1+/5
T2

(1.2)

areknown as the Fibonacci sequence and the golden section respectively.
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These two concepts are inseparable for

lim,,_o f’;“ =0 (1.3)

The cropping up of Fibonacci numbers and therefore the golden section in nature especially in the botanical
phenomenon of phyllotaxis and in human DNA [1-10] justifies the investment directed towards research of
these concepts. Nature has already applied the concepts and it remains for the human race or some other
sufficiently intelligent and interested race to investigate these concepts in order to understand how the universe

works and to apply the concepts in science and technological development.

Consider

Rypy1 = round(ph,),n =1
h, —hy = hy
round(phy) # hy
hn+2 = hn+1 + hnvn 21

H, (1.4)

H,, is called the golden section quasigeometric sequence [10,11]. The quasigeometric Fibonacci sequence
E,=12358,.. (1.5)

is defined by Relation (1.4). The object of this manuscript is to define and study y —periodicity in the sequence
(1.5). Hereinafter the designation E, is reserved for the sequence (1.5). H,,, G,,or any sequence designated by
some other letter is defined by the Relation (1.4).

2. Results
The sequence F,, has interesting divisibility properties, namely that

f2nj+2j—n—2

i=1n=2
g =0

and

f2nj+2j—1

i==1,n=>2
fn l]— ln—

are integers. We analyze these integers and show by way of theorems 2.1 and 2.2 that they have important
properties when viewed as elements of golden section quasigeometric sequences. This phenomenon of

periodicity is herein named y —periodicity.

Theorem 2.1
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f2nj+2j-n-2
fn

=h;,j=21,n>2 (2.1)
Proof

For 2 < n < 3 we have that

2j-1

fanj+2j-n-2 _ Z(_l)Hlf( "
n r-n
fn r=1

For n > 4 we have two scenarios.
Scenario |: even n = 4

For oddj > 1 we have that

j—1

[
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For even j > 2 we have that

j=2
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n
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Scenario ll:odd n>5

For j = 1 we have that

-1 2

Z 1)uf(2n+2)r+4u—7 +1

r=1u=1

f2n]+2] -n-— 2

Theorem 2.7 in [10] completes the proof.

Theorem 2.2

B 2 1023 @2)

Proof

For n = 3 we have that
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For n > 4 we have two scenarios.

Scenario |: even n >4

Forodd j = 1 we have that

-1 j—1
f 2 2 2z 2
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For even j > 2 we have that

j-2 )

£ 2 2 2 2
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f = f(2n+2)j—n + Z Z f(4n+4)r+(2n—2)u—3n+2 -

n

f(4n+4-)r+(2n—2)u—5n + fn—2
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Scenario ll: odd n>5

For j = 1 we have that

£ o2

2nj+2j-1

mfi] = Z Z(_l)uf(2n+2)r+4u—n—8
n r=1u=1

Theorem 2.7 in [10] completes the proof.

Remark 2.1

Notice that when n = 2 Theorem 2.2 is stated as

onj;sz—l — hn—z — ho (2.3)

This statement is true but the straightforward statement

onj;—Zj—l — h1 (24)

is consistent with Theorem 2.1. Lemma 2.1 shows how Equation (2.3) is correct.

Lemma 2.1



International Journal of Formal Sciences: Current and Future Research Trends (IJFSCFRT) (2021) Volume 9, No 1, pp 1-6

go=h,1<n<2 (2.5)

Proof

By definition

8o =82"81

Let

g0 =h,

But

g81=dmt 1,8, =qQu41 2

so that

hn = (qm-1 +1

Scenario l:g; = q, + 1

From Theorem 2.5 in [10] this means that

dm = Pm+r-1 — fm, T 2 4

~hy = Priz —20rPry, — 4

And it follows that n = 1.

Scenario Il:g; =q, — 1

From Theorem 2.6 in [10] this means that

dm = Pm+r-1 + fm'r 2 4

“hy =pry2+20rp, +4

And it follows that n = 1.

Scenario lll: m =5
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It follows that n = 1 or 2.

Scenario IV:m = 6

hy=qun 1

It follows from theorems 2.7 in [10] that n = 1.

Proof is completed.

3. Conclusion

Various forms of periodicity in the sequence (1.1) which also apply to F, have been studied by other

researchers. This manuscript therefore shows one more important kind of periodicity exhibited by E,. Results

show that the divisibility properties of F, link this sequence with other golden section quasigeometric sequences

systematically. Concept is important in revealing some hidden behaviors of E, and the golden section and may

find applications in many areas of science and technology.
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